On extensions allowing a Galois theory and their Galois groups  by Soundararajan, T.
Journal of Pure and Applied Algebra 37 (1985) 95-102 
North-Holland 
9: 
ON EXTENSIONS ALLOWING A GALOIS THEORY AND 
THEIR GALOIS GROUPS 
T. SOUNDARARAJAN 
Dept. of Mathematics, Madurai Kamaraj University, Madurai, India 
Communicated by H. Bass 
Received July 1984 
Let E/F be a field extension and let G = Aut(E/F). E/F is said to allow a Galois theory if ther 
is a subgroup G'  of G such that the map H--,E H (the fixed field of H)  is a bijection between th 
set of all subgroups H of G' and the set of all intermediate fields of E/F. Such extensions EL 
and their Galois groups were characterized in several ways in [2]. In this paper, first a conjectm 
on G being a prime sparse product of finite groups is settled in the negative. Secondly it is show 
however that G = G l • G 2 where G l, G 2 are such products. Further there is an intermediate fiel 
N normal over F such that each element of N is solvable by radicals over F and E is finite ovc 
N. Several properties of G and E/F are also obtained. 
Introduction 
Let E/F  be a field extension with G = Aut(E/F). It was proved in [15] that if E~ 
allows a Galois theory, then E/F  must be an algebraic separable normal extensio 
and G' must be equal to Gt, the set of all elements of finite order in G. 
From Krull Galois theory it follows that if E/F  is an algebraic separable norm~ 
extension, then E/F  will allow a Galois theory if and only if the compact otall 
cii~connected group G is a t-group: G t is a subgroup of G and the map H--,J 
(ciosure of H in G) is a bijection from the set of all subgroups H of Gt to the s~ 
of all closed subgroups of G. 
The following theorems were proved in [2]. 
Theorem 1. Let G be a compact totally disconnected group. Then the following co, 
ditions are equivalent: 
(1) G is a t-group. 
(2) Gt is a subgroup of  G, it is countable and it contains for each prime p, 
Sylow p-subgroup of  G. 
(3) Gt is a subgroup of G, each Sylow p-subgroup of G is finite and has on 
~Tnitely many conjugates. 
(4) For each prime t9, the set of  all Sylow p-subgroups of  G generate a fin~ 
subgroup Tp of G. 
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(5) G is topologically isomorphic to a closed subgroup of  a product 1] G, of 
finite groups uch that for each prime p, p divides IGn I only for finitely many n. 
Theorem 2. A field extension E /F  allows a Galois theory i f  and only if there exist 
intermediate fields F n (n = 1,2, ...) such that E=F(U~ Fn), Fn is finite separable 
normal over F for each n, and any prime divides [Fn : F] for only finitely many n. 
A product I-[~ Gn of finite groups such that any prime p divides I G,~ I for only 
finitely many n is called a prime sparse product. It was conjectured in [15] that G 
may itself be a prime sparse product. This was doubted in [2]. In this paper we show 
that the profinite completion of a group constructed by (~ernikov [3] settles the con- 
jecture in the negative (Theorem 1.11). However utilizing a theorem of P. Hall [6] 
we can show that if E/F allows a Galois theory, then G = G~- G 2 where G~, G 2 are 
closed normal subgroups of G such that each of GI, G2 is a prime sparse lt roduct 
(Theorem 1.12). 
These considerations incidentally yield another characterization of t-groups in 
terms of groups with finite layers (Theorem 1.10). 
We also show that if E/F allows a Galois theory, then there exists an intermediate 
field N normal over F such that E is finite over N and every element of N is solvable 
by radicals over F; also there exists an intermediate field M finite normal over F 
such that every element of E is solvable by radicals over M (Theorem 1.14). This 
perhaps we can say attains one of the aims of Galois. 
We observe also that if a compact otally disconnected group (G, J-) is a t-group, 
then (G, J-) is strongly complete by a theorem of M.P. Anderson [1]. From this it 
can be derived that ~ is the unique compact group topology on G. Further more 
G must be Hopfian as an abstract group. 
. 
In this section we consider the counter-example, the structure theorem for G and 
the solvability by radicals. 
Definition 1.1. Let T be a torsion group. 
(i) T is said to be an FC group if each element of T has only finitely many 
conjugates. 
(ii) Tis said to be residually finite if for each xe  T, x:g 1, there exists a subgroup 
H of T with finite index in T such that x~ H. 
(iii) T is said to be locally finite and normal if each finite subset of T is contained 
in a finite normal subgroup of T. 
Definition 1.2 (t~ernikov [3], Robinson [12]). Let T be a torsion group. 
(i) Tis said to be a group with finite layers if for each n, T contains only finitely 
many elements of order n. 
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(ii) T is said to be a thin group if each Sylow p-subgroup of T is finite for every 
prime p. 
Proposition 1.3. (i) I f  T & a group with finite layers, then T is countable, T is an 
FC group, T is locally finite and normal and any subgroup of  T is also a group with 
finite layers. 
(ii) I f  T is a thin group with finite layers, then any subgroup of  T and any 
6,;Jotient of  T are also thin groups. 
Proof. (i) That T is countable, T is FC and any subgroup of T is also a group with 
finite layers follow straight away from the definition. See [3] also. That T is locally 
finite and normal is proved in [12, p. 426]. 
(ii) Let T be a thin group with finite layers. If U is a subgroup of T, then any 
Sylow p-subgroup of U is contained in a Sylow p-subgroup of T and hence is finite. 
Thus U is thin. Let N be a normal subgroup of T. Since T is locally finite by (i), 
TIN is also locally finite. Let P be a Sylow p-subgroup of T and P be its image in 
T/N. We claim t3 is a Sylow p-subgroup. Let if possible (t3,.~) be a bigger p- 
subgroup containing t5 properly. Consider the group (P, x) in T. This is a finite 
g:~ vup and P a Sylow p-Subgroup of (P, x).  Now (/3, :D is a quotient of (P, x) and 
hence t3 is a Sylow p-subgroup of (/3,.~) by [12, 1.6.18(ii), p. 40]. This is a con- 
tradiction. Hence t3 is a Sylow p-subgroup of T/N. Also/3 is finite. Now any other 
Sylow p-subgroup of T/N  is a conjugate of P by [12, 14.3.4, p. 413] and hence 
finite. Thus we get T/N  is a thin group. [] 
Definition 1.4 (Robinson [12, p. 429]). A direct sum ~ Gn of finite groups is call- 
ed prime sparse if for each prime p, p divides I Gn I for only finitely many n. 
It is easy to see that any prime sparse direct sum of finite groups is a thin group 
wkh finite layers. From the Sylow theorem it easily follows that if a direct sum of 
:~inite groups is a group with finite layers, then it must be a prime sparse direct sum. 
Theorem 1.5 ((~ernikov [4]). Let T be a torsion group. I f  T & a thin group with finite 
layers, then T is isomorphic with a subgroup of  a prime sparse direct sum o f finite 
groups. 
Proof. This is proved in [4] and also easily follows from 14.5.14 in [12, p. 429]. [] 
Theorem 1.6 (Hall [6]). Let T be a countable, torsion, FC and residually finite 
group. Then T= Ml" M2 where MI, M 2 are normal subgroups of  T such that both 
5"(i, Mz are direct sums o f finite groups. 
Proof. This is proved in Theorems 2.1 and 2.4 of [6]. 
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Proposition 1.7. I f  T is a torsion group with finite layers and T & residually finite, 
then T is a thin group. 
Proof. By 1.6, T= Ml" ME where Ml, ME are normal in T and are direct sums of 
finite groups. By 1.3, MI,M2 are groups with finite layers and hence by the 
remarks following 1.4, MI, 342 are thin groups. Let now S be a Sylow p-subgroup 
of T. S tq MI is a p-subgroup of M 1 and hence is finite since M 1 is thin. T/M I is a 
quotient of M2 and hence is thin by 1.3. Image of S in T/MI being a p-subgroup 
is finite. Hence it follows that S is finite. Thus T is a thin group. 1.7 also follows 
straight away from the Theorem of (~ernikov-Polovick] [4, 11], 14.5.14 in [12, p. 
429] on observing that Z(p °~) is not residually finite and a subgroup of a residually 
finite group is also residually finite. [] 
Definition 1.8. [14]. Let T be a torsion residually finite group, let T be the 
Hausdorff completion of T with respect o the group topology defined by all the 
subgroups of finite index as a basis of neighbourhoods of 1. T is called the profinite 
completion of T. It is a compact otally disconnected group containing T as a dense 
subgroup. 
Proposition 1.9. Let T be a thin group with finite layers. Then T & residually finite, 
fr is a t-group, T is the torsion part of  f~ and if G is any compact totally disconnected 
group containing T as a dense subgroup, then G is topologically isomorphic with 
Proof. By 1.5, T is isomorphic with a subgroup H of a sparse direct sum of finite 
groups ~ Gn. Any direct sum of finite groups is residually finite and hence also 
each of its subgroups. Thus T is residually finite. Consider 1-I~ Gn. This is a com- 
pact totally disconnected t-group by Theorem I of the Introduction. Let/7 be the 
closure of H in [I~" Gn. Then/7  is also a t-group and H is the torsion part of R. 
Let ty be an isomorphism of  H onto T. Since every subgroup of finite index of H 
is closed in H (and hence open in H) we get cr is (uniformly) continuous. Hence e 
extends to a continuous map ~ f rom/7 into ~P. Since/7 is compact and H is dense 
in R we get ~(/7) = ~P. Also ~ is a homomorphism. Let K be the kernel of #. K is 
a closed subgroup of/-7. But /7  is a t-group. Hence K = cl(K N H). But K (3 H = { 1 } 
since a is injective. Hence K= {1}. Thus ~ is bijective. Since /7 is compact 
Hausdorff, d is a homeomorphism. Thus/7 is topologically isomorphic with IP and 
hence T is a t-group. Now repetition of the above argument for the identity 
map : T -~ T and f'  and G yields 7" and G are topologically isomorphic. [] 
Theorem 1.10. Let G be a compact otally disconnected group. Then G is a t-group 
if and only if 
(j) G t is a group with finite layers, 
(ii) G t is dense in G. 
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Proof. Suppose G is a t-group. From Theorem 1 of the Introduction Gt is a group 
and isomorphic with a subgroup of I I l  Gn, a prime sparse product. But any 
element of 17I~ Gn \ ~,~ G,, is of infinite order. Hence Gt is isomorphic with a 
subgroup of a prime sparse direct sum ~ Gn. Now 1.3 and the remark following 
1.4 yield that Gt is a group with finite layers. 
Suppose now Gt is a group with finite layers. Since G has a basis at the identity 
consisting of subgroups of finite index [9, p. 56], we get G and Gt are residually 
~inite. By 1.7 we get Gt is a thin group. Now 1.9 completes the proof. [] 
Theorem 1.11. There exists a compact otally disconnected t-group G which is not 
a prime sparse product of  finite groups. 
Proof. (~ernikov [3] has constructed a thin group T with finite layers such that T 
is directly indecomposable. Let 7 ~ be the profinite completion of T. By 1.9, 7' is a 
compact otally disconnected t-group. We claim 7" is topologically directly indecom- 
posable. Suppose 7 ~-- A@B where A and B are closed normal subgroups and 
A tq B = { 1 }. Since 7 ~ is a t-group with torsion part equal to T we get A = cl(A tq T) 
and B = cl(B N T) and hence T= (A N T) ~) (B tq T), which contradicts that T is 
,~rectly indecomposable. Hence 1.10 follows. [] 
Theorem 1.12. Let G be a compact otally disconnected t-group. Then G = G 1 • G 2 
where G1, G2 are closed normal subgroups of  G and each of  GI, G2 is a prime 
sparse product of  finite groups. 
Proof.  Since G is a t-group, by Theorem 1.10, Gt is a group with finite layers. Also 
Gt is residually finite since G is. Hence by 1.7, Gt is a thin group with finite layers. 
Now by 1.6, Gt=M1.M2 where M1,M 2 are normal subgroups of Gt and 
M I = ~ Ui, a direct sum of finite groups and M 2 = ~ V/, again a direct sum of 
finite groups. Since M1, M 2 are also groups with finite layers, these are prime 
sparse direct sums. Let now G1 = cl M 1 in G and G 2 = cl M 2 in G. Then by 1.9, G1 
~ topologically isomorphic with 1-I Ui and G 2 is topologically isomorphic with I'I 1I/ 
which are prime sparse direct products. Now G~, G 2 are closed normal subgroups 
of G and G I. G 2 is a compact subgroup containing Gt=MI .M E and hence 
G--G1- G2. This proves the theorem. [] 
n 
Lemma 1.13. Let K=F(U ~ Fi), where F i is a finite separable normal extension oj 
F for each i. I f  a prime p divides [K :F ] ,  then p divides [F i : F] for some i. 
Proof.  Assume n=2.  Let p divide [K :F ] .  If it divides [F 1 :F ] ,  then there L, 
nothing to prove. Now [K : F]  = I G(K/F)[. Hence by the Sylow theorem there is 
:r ~ G(K/F) of order p. Let O" 1 ----- O" [El, 0" 2 ~- O" IF 2 . If both tr l, 0" 2 are identity, thet 
~:~ is identity. If tr I (a2) is not identity, then a 1 (tr2) has order p. Hence p divide~ 
G(F 1/F)(G(FE/F)). But G(FI/F) = [F 1 :F ]  and G(F2/F ) = IF2 : F] .  Hence the resut 
follows for n = 2. 
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Now the result easily follows by induction. [] 
Theorem 1.14. Let E /F  be an infinite algebraic separable normal extension allowing 
Galois theory. Then 
(a) There exists an intermediate field N such that N is normal over F, every 
element of  N is solvable by radicals over F and E is a finite extension of  N. 
(b) There exists an intermediate field M such that M is a finite normal extension 
o f  F and every element of  E is solvable by radicals over M. 
Proof. By Theorem 2 of the Introduction, E=F(U~ Fn), Fn are finite separable 
normal over F and any prime divides [F,, :F]  for only finitely many n. Without 
loss of generality let us assume that 1, 2,.. . ,  k are all the indices such that [Fi : F] 
is divisible by 2 or p = the characteristic of F. Let M= F(U~ Fi) and N= F(U~+ j Fi)" 
It easily follows that M is finite normal over F, N is normal over F, E is finite over N. 
I11 
(a) Let aeN.  Then ae  K--F((_Jk+ ~ Fi) for some m>_k+ 1. If a prime q divides 
[K:F] ,  then by 1.13, q divides [Fi:F ] for some i, hence q is odd. Thus [K:F]  is 
odd and p is relatively prime to [K:F] .  Hence G(K/F) is a finite group of odd 
order. By the Feit-Thompson theorem [5], G(K/F) is a solvable group. Utilizing 
Theorem 34 in [7, p. 42] we get that K is contained in a radical extension of F (as 
in Theorem 35 of [7, p. 43]) and hence a is solvable by radicals. 
(b) Let fl ~ E. If/~ ~ M, there is nothing to prove. 
IT1 
Let ,BeM. Now N( f l ) cK=F(U)  Fi), m>k.  If a prime q divides [K" N], then q 
m 
divides [N(Uk+jFi)'NI and hence by 1.13, q divides [N(Fi)'N ] for some 
i=k+ 1, .. . ,m, since N(Fi) is a finite separable normal extension of N. But 
[N(Fi) :N] is a divisor of [Fi:F]. Hence we get q@2, p and hence q is odd. Thus 
G(K/N) is a finite group of odd order. Now the proof follows as in (a). [] 
. 
In this section we obtain some properties of the Galois group of an extension E/F 
allowing Galois theory. By what was stated in the Introduction, it is enough to con- 
centrate on a compact otally disconnected t-group (G, J-). 
Definition 2.1 [1]. A compact otally disconnected group is said to be strongly com- 
plete if every subgroup of finite index is open. 
Theorem 2.2. Let (G, J )  be a compact otally disconnected t-group. Then (G, ~-) 
is strongly complete. 
Proof .  M.P. Anderson [1] has proved that if in a compact otally disconnected 
group (G, J )  every Sylow p-subgroup is finite, then (G, J )  is strongly complete. 
Now the theorem follows from Theorem 1 of the Introduction. [] 
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Theorem 2.3. Let (G, ,¢-) be a strongly complete group. Then S is the unique com- 
pact group topology on the group G. 
Proof. Let .7' be any compact group topology on G. Since (G, ,T) is compact otally 
disconnected, ["]~ G n= {1}. Hence by a theorem of Mycielsky [10], (G, .7') is also 
totally disconnected. By a theorem in [9, p. 56], (G, .~') has a basis at the identity 
consisting of open subgroups of finite index. Since (G, ~)  is strongly complete, each 
c:f these subgroups is open in (G, f ) .  Hence we get f is finer than .7'. But .7 is 
c~mpact and ~-' is Hausdorff. Thus .;-= F '  and this establishes the theorem• [] 
Corollary 2.4. I f  (G, .~) is a compact otally disconnected t-group, then 7 & the 
unique compact group topology on G. 
Definition 2.5. A group G is said to be Hopfian if any epimorphism f : G~G is 
actually an automorphism. 
Theorem 2.6. Let (G, J )  be a strongly complete group. Then G & a Hopfian group. 
Proof. By Theorem 2.4 of [8], given any n, the number of subgroups A of G such 
that [G:A] is n is finite. Hence given any finite group H, the number of distinct 
homomorphisms of G onto H is finite. Now the theorem follows from 1.49 of [13]. 
Alternatively since G is strongly complete, f is continuous from (G, T)  to (G, 7).  
By Theorem 2.4 of [8], (G, . f)  satisfies (F) and now the theorem follows from Exer- 
cises 1 of II1-28 of [14]. [] 
Corollary 2.6. Let (G, J )  be a compact otally disconnected t-group. Then G & a 
Hopfian group. 
Proof. Follows from 2.2 and 2.5. [] 
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